Hamilton Olympiad 2018 Solutions

H1. The positive integemn andn satisfy the equatioBOm + 18n = 2018
How many possible values ofare there?

Comment

There are many approaches to this question. It is straightforward to show that, givi
solutionm = M andn = N, the paim = (M - 9k) andn = (N + 10K) is also a
solution for any integer value &f This allows one to ‘spot’ a solution and generate a
of solutions from that one.

However, if we use this approach, it is important to show that there aren't any othe
solutions which are not in this set. (Indeed, in any question where we are trying to
all possible solutions, finding them is only half the battle — a key step is to show th.
have found therall.)

The first of these solutions shows a way to complete the argument introduced abo
second demonstrates a slightly different approach.

Solution 1

Let M andN be a solution to the given equation28M + 18N = 2018

For any integek , the pain = (M — 9k) andn = (N + 10K) is also a solution, since
20(M - 9k) + 18(N + 10k = 20M - 180k + 18N + 180k = 2018.

It is easy to verify (and not too difficult to spot) timat= 100, n = 1is a solution.
This quickly leads us to the following twelve solutions, which are all of the form

m= 100- 9%,n = 1 + 10kfork = O, 1, 2, ..., 11
m | 100 | 91| 82| 73 64| 55 46 37 28 19 10 1

n 1 11| 21| 31| 41| 51| 61 71 81 91 101 111
We will now show thaany solution to the given equationust be of the form
m = 100- 9%,n = 1 + 10k
Let (M, N) be a pair of integers for whi@®M + 18N = 2018
Since20 x 100 + 18 x 1 = 2018 we can subtract to give

20(100 - M) + 18(1 - N) = O.

Then
10(100 - M) = 9(N - 1). (%)

Since 10 an® have no common factor greater thaiilDO — M) must be a multiple of
9, so we can writd00— M = 9k for some integek. This leads tdvl = 100— 9k.

Then we have, fromx}, 90k = 9(N - 1), which leadstiN = 1 + 10k

So we have now shown that any pair of integ®tsN) which are a solution to the
equation must be of the for¢(h00 — 9k, 1 + 10k) for some integek.

For100 — 9k to be positive we nedd < 1land forl + 10kto be positive we need
k > 0, so the twelve solutions listed above are the only twelve.



Solution 2
If 20m + 18n = 2018then

10m + 9n = 1009
10m = 1009 - 9n
10m = 1010- (9n + 1)
m = 101 — On + 1
10

Sincemis an integer9n + 1 must be a multiple of 10, which means thaimust be
one less than a multiple of 10. For this to be true, the final di§i afust be 9, which
happens exactly when the final digitrois 1.

Every value oh with final digit 1 will produce a corresponding valuenof No other
value ofn is possible (and hence no other possible valuespaissible either).

So now we just need to count the number of positive valuesvih final digit 1 which
also give a positive value af.

. : . 9n+1 . :
Sincemis posmve,l—; can be at most 100, with equality when= 111

HenceO0 < n < 111 There ard 2 values o in this range which have final digit 1,
and so there arE2 possible values af.

[Note that we have not found any of the solutions to the given equation; we did not need
to do thisin order to answer the question.]



H2. How many nine-digit integers of the forpgrpgrpgr’ are multiples of 24?
(Note that p, g and r need not be different.)

Comment

When attempting to solve questions like this one, it is natural to turn to divisibility t
(which are often learned right at the start of secondary school). One key property ¢
these tests is that they work in both directions: for example, all numbers which are
divisible by 8 have their final three digits divisible by 8, and conversely all numbers
with final three digits divisible by 8 are themselves divisible by 8. In the first solutio
below, this property is essential — without it we would not be able to guarantee tha
have found all results.

Solution 1

In order to be a multiple of 24, any number must be both a multiple of 3 and a muli
of 8. Conversely, since 8 and 3 aoprime (i.e. they have no common factor greater
than 1), any number which is a multiple of both 3 and 8 must be a multiple of 24. I
therefore sufficient for us to count all the numbers of the required form which are
multiples of both 3 and 8.

The digit sum ofpgrparpar’ is 3(p + g + r), which is always a multiple of 3, so all
numbers of the formpgrpgrpgr’ are divisible by 3 (by the divisibility test for 3).

So now all we need to do is to count all the numbers of the required form which ar.
multiples of 8, since they will also be a multiple of 3 and hence a multiple of 24.
By the divisibility test for 8, we need the three-digit numipgrto be divisible by 8,
and each three-digit multiple of 8 will give us a nine-digit number divisible by 8. So
that remains is to count the three-digit multiples of 8.

The smallest of these 194(= 13 x 8) and the largest 892(= 124 x 8), so there are
112 three-digit multiples of 8 and therefore 112 numbers of the‘faqrpgrpgr’ which
are multiples of 24.

Solution 2

As in Solution 1, we can establish that we n'geedpgrpgr’ to be a multiple of both 3
and 8.

Notice that pgrpgrpgr’ = 1001001x pgr. 1001001 is divisible by 3 so every numb
of the form ispgrpgrpgr’ divisible by 3. Since 1001001 is odd, we need the three-c
number pgr’ to be divisible by 8.

There are 124 multiples of 8 less than 1000; of these 12 are less than 100, so ther
112 three-digit multiples of 8 and hence 112 numbers with the properties given in i
question.



H3. The diagram shows a regular dodecagon
and a square, whose vertices are also
vertices of the dodecagon.

What is the value of the ratio
area of the square : area of the dodecagon?

Comment

There are several ways to attempt this question. If you know the fokafutan C for
the area of a triangle, the result can be arrived at very quickly (see Solution 2). Thu
majority of candidates offered a method similar to that described in Solution 1.

Solution 1

Let the side length of the dodecagorxb€onsider one of the four trapezia created b
the edge of the square and the edges of the dodecagon.

The interior angle of a dodecagorlBE(X®, which quickly leads to the fact that the angl
at the base of the trapezium are both equafto

We can then split the trapezium up into a rectangle and two right-angled triangles:
X

\ 30° 30°

Then, by recognising that each of the triangles in the trapezium is half an equilater
triangle (or by using the well-known valuessii 30° andcos30°), we can establish tha
the height of this trapezium g 2 and the base is + xv/3.

The area of the square is thereforer xv3)° = 2x%(2 + v/3) and the area of the
dodecagon is equal to (the area of the square) + (4 x the area of the trapezium) w

22(2 4 \3) + 4 x XFEKEXE X oen L 3).

2 2
We can divide through by the common factoxd®2 + +/3) to show that the required
ratio is 2: 3.
Solution 2

Since the dodecagon is regular, all its diagonals intersect at the same point (its ce
Call this pointO. Since the diagonals of the square are two of the diagonals of the
dodecagon, they intersect@tHenceO is also the centre of the square.

Let each diagonal have lengh

Then the dodecagon comprises 12 congruent isosceles triangles radiatiQy éaoh
with two sides equal toand vertex angl80°:

AP A
%



The area of the dodecagon is equal to 12 x the area of one of these triangles, whit
equal to

12 x [3 x r x r x sin30°].
Sincesin30° = 1, this simplifies to
Area of dodecagoa 3r2

The square can be split into four congruent isosceles right-angled triangles, with
perpendicular sides of length

PN

The area of the square is equal to 4 x the area of one of these triangles, which is ¢
4x[3xrxr],

which simplifies to
Area of square: 2r2,
The required ratio is therefoBe? : 3r? which is equal t@ : 3.



H4. The diagram shows a circle and a trapezium A D
ABCD in whichAD is parallel taBC and
AB = DC. All four sides ofABCD are
tangents of the circle. The circle has radius
4 and the area &BCD is 72.

What is the length oAB? B C

Comment

The solution to this question is dependent on the circle theorem which states that f
tangents to a circle from any external point are equal in length. The proof of this is
straightforward (join the point to the centre of the circle and find two triangles whic
congruent) — if you haven't seen it before you may want to work it through to satist
yourself that it is indeed true.

Solution

Note that the height of the trapezium is equal to the diameter of the circle = 8.
Since the area of the trapezium is 72, we h’?Be;L'C x 8 = 72and so

AD + BC = 18

LetE, F, G andH be the points 0AB, BC, CD andDA respectively where the circle is
tangent to the sides of the trapezium, as shown in the diagram below.

A H D

E G

B F C

Since the two tangents to a circle from any external point are equal in length, we k
thatAE = AH.

Similarly,BE = BF,CF = CG andDG = DH.

ThenAB+ DC = (AE + BE) + (CG + DG) = AH + BF + CF + DH = AD + BC, which we
know is equal to 18.

SinceAB = DC, we haveAB + DC = 2AB = 18and henc&B = 9.



H5. A two-digit number is divided by the sum of its digits. The result is a number betwe
2.6 and 2.7.

Find all of the possible values of the original two-digit number.

Solution

Let the number beab’ (wherea = 0), which can be written ak0a + b.

. 10a+ b
The value we are concerned Wlth—lés+—.

b
1a+b
+Db

Sincea + b must be positive (since bottandb are positive), we can multiply througfr
by (a + b) without changing the direction of the inequality signs, to give:

26(a+ b) < 10a+b < 27(@a+ b).
The first of these two inequalities leads to

16b < 7.4a,
which can be rearranged to give

We are given tha.6 <

b < %7a = 43a oy
The second inequality leads to
7.3a < 1.7b,
which can be rearranged to give
73
b > 1—7a = 42a (2

From (2), we can deduce thHat- 4a, so (sincé is a single digitp can be at most 2.
If a = 1, combining (1) and (2) give$> < b < 43, which is impossible (sindeis a
digit and hence an integer).
If a = 2, combining (1) and (2) give®Y < b < 9%, which givesh = 9.
These values d andb give the number 29.
We must check that 29 does have the property we are looking for, which we can d
dividing directly:
29 = 21 = 2.6363.. ,
11 11

which is indeed between 2.6 and 2.7, so the only possible value of the two-digit nL
is 29.



H6. The figure shows seven circles joined by three
straight lines.

The numbers 9, 12, 18, 24, 36, 48 and 96 are to be
placed into the circles, one in each, so that the
product of the three numbers on each of the three
lines is the same.

Which of the numbers could go in the centre?

Comment

It is possible to argue that, once the centre number has been selected, the other s
be paired ‘largest with smallest’ etc. — but a complete convincing argument can be
difficult to assemble. The method below demonstrates an alternative way (which w
chosen by the majority of successful candidates) to show the only possible solutio
It is worth remembering that showing that 12 and 96 are the only centre numbers 1
could possibly work does not fully answer the question — we must show that
arrangements are indeed possible (and this is easily done by direct construction).

Solution

Since we are interested in the products of various numbers, it seems natural to fin
prime factorisations of the seven numbers we are given:

Number 9 12 18 24 36 48 96
Prime Factorisation 3° 22x3 | 2x3F | B2x3 | 2x3F | 2*x3 | x3

Let the six numbers around the edge of the figura bec,d ,e andf, and the central
numberx (as in the diagram below).
@

Thenweneed x x x d = b x x x e = ¢ x x x f. Sincex # 0, we can divide by
X, givingad = be = cf.

Now consider the numbebcdef. This mggt (l:j)gfa cube (since it is equal to, for examj
(ad)®). This number can also be Wl’itten—aSCX—X, which is useful sincabcdefx is just

217 % 310

the product of the seven numbers we have been given. ldecds =

we writex as2™ x 3", we haveabcdef = 217" x 310-n,

Note that, sinc& must be one of the given numbers, there are only a few possible \
for mandn; in particularm < 5andn < 2.

Sinceabcdef is a cube2'’~™Mand3°~ " must both be cubes too, which means that bc
17 — mand10 — n must be multiples of 3. Henoecould be equal to 2 or 5, and
must be equal to 1.

Hence(m, n) = (2, 1) which givesx = 12 or(m, n) = (5, 1) which givesx = 96.
As mentioned in the comment above, we must now check that each of these case:
enables the shape to be filled as required by the question:

Whenx = 12, we haveabcdef = 2'°x 3°, so each pair of outside numbers must
multiply to 2° x 3%,

,and, if



Whenx = 96, we haveabcdef = 22 x 3°, so each pair of outside numbers must
multiply to 2% x 3%,

In each case, a small amount of experimentation quickly leads to arrangements th
work in each case, such as:

© ©
D 19 D 1)

2] %6)
@) @) D) (18

%9 “3

Hence both cases are possible and there are two numbers that could go in the cer
space; namely 12 and 96.
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